Abstract. M. G. Cowling and J. F. Price showed a generalization of Hardy's theorem as follows. If v and w grow very rapidly, then the finiteness of kvf k p and kwf f k q implies that f ¼ 0, wheref f denotes the Fourier transform of f . We give an analogue of this theorem for the Helgason-Fourier transform for homogeneous vector bundles over Riemannian symmetric spaces and for connected noncompact semisimple Lie groups with finite centre.
Introduction
The mathematical uncertainty principle, roughly speaking, states that a nonzero function and its Fourier transform cannot both be sharply localized. First of all, in the case of Euclidean space, G. H. Hardy showed that if a measurable function f on R satisfies j f ðxÞj e Ce [3] generalized Hardy's theorem as follows. Suppose that 1 e p; q e y and one of them is finite. If a measurable function f on R satisfies kexpfax 2 g f ðxÞk L p ðRÞ < y and kexpfby 2 gf f ð yÞk L q ðRÞ < y and ab f 1=4, then f ¼ 0 (a.e.). The case where p ¼ q ¼ y and ab > 1=4 is covered by Hardy's theorem. S. C. Bagchi and S. K. Ray [1] showed that if ab > 1=4, then Hardy's theorem on R is equivalent to the Cowling-Price theorem.
Some generalizations of Hardy's theorem and the Cowling-Price theorem to various homegeneous spaces were obtained (e.g. [1] , [4] , [5] , [6] and [12] ). In these papers, the theorems were proved by using the estimates of matrix elements of representations and the Phragmén-Lindelö f theorem. The purpose of this paper is to prove an analogue of the Cowling-Price theorem for semisimple Lie groups. On the other hand, J. Sengupta [11] proved the CowlingPrice theorem on Riemannian symmetric spaces, by using the argument that the Fourier transform is decomposed into the composition of the Radon transform and the Euclidean Fourier transform. We consider the Helgason-Fourier transform as the Fourier transform on homogeneous vector bundles over Riemannian symmetric spaces. By using an argument similar to [11] , we get the Cowling-Price theorem for the vector bundles. From this result and the estimate of the Plancherel measures, we obtain the Cowling-Price theorem for semisimple Lie groups.
Notaion and preliminaries
The standard symbols Z, R and C shall be used for the sets of the integers, the real numbers and the complex numbers, respectively. For z A C, <z and =z denote its real and complex part, respectively. If U is a manifold, then we denote by CðUÞ the set of continuous complex valued functions on U and by C y 0 ðUÞ the set of compactly supported smooth functions on U. If S H U and f is a function on U, then f j S denotes the restriction of f to S. If V is a vector space over R, V C , V Ã and V and mðaÞ denotes the multiplicity of a. Let M be the centralizer of A in K. Then P ¼ MAN is a minimal parabolic subgroup of G. The Killing form of g induces an inner product hÁ ; Ái on a and a Ã . We write jHj ¼ hH; Hi 1=2 .
Let W be the restricted Weyl group. When g ¼ k exp X for k A K and X A p, we set sðgÞ ¼ jX j. For n A a Ã , there exists a unique element H n A a such that nðHÞ ¼ hH; H n i for all H A a. For H A a and r A R >0 , we set BðH; rÞ ¼ fX A a j jX À Hj < rg.
For t AK K, we denote byM MðtÞ the subset ofM M contained in the restriction of t to M. For d; t AK K, we writeM Mðd; tÞ ¼M MðdÞ VM MðtÞ. We denote the degree of t by dðtÞ and the character of t by w t . We set x t ¼ dðtÞw t . We set for k;
Let D t ðGÞ (resp. DðG; tÞ, DðG; V t Þ, DðG; t; tÞ) be the subset of
Then the mapping f 7 ! F f is a topological isomorphism of D t ðGÞ onto DðG; tÞ and its inverse is the mapping F 7 ! dðtÞ Tr F , ðF A DðG; tÞÞ (cf. [8] , p. 397). For f A L p ðG; V t Þ and v A V t , we define f n v by hð f n vÞðgÞ; wi V t ¼ hw; vi V t f ðgÞ;
for all w A V t :
and thus f n v A L p ðG; tÞ. For F 1 ; F 2 A DðG; tÞ, we define the convolution
This definition is arranged so that F 1 Ã F 2 A DðG; tÞ. And we also define the convolution for C A DðG; t; tÞ and f A DðG; V t Þ by
It is easy to show that C Ã ð f n vÞ ¼ ðC Ã f Þ n v. 
We denote by p s; n the representation induced from s n n n 1 of P to G. The representation space H s; n is
with the norm
The action of p s; n on H s; n is given by ðp s; n ðgÞjÞðkÞ ¼ e ÀðnþrÞHðg À1 kÞ jðkðg À1 kÞÞ:
It is known that ðp s; n ; H s; n Þ is unitary. We set 
(see [2] , p. 286). The relation between (4) and (5) is given by the following proposition. 
Then we have The function EðT; n; gÞ is so called the Eisenstein integral. In case
Camporesi gave the expression of the Helgason-Fourier transformf f ðk; nÞ in terms of the Eisenstein integrals. Remark. R. Camporesi (cf. [2] ) defined the Fourier transform of C A DðG; t; tÞ byĈ
We have the following proposition. 
The next proposition can be proved by using an argument similar to the K-biinvariant case. Lemma 4.1. Let a; b > 0, 1 e p; q e y, minðp; qÞ < y and V a finitedimensional vector space. Let f be a measurable V-valued function on R n such
Proof. From the smoothness of C e , C e is well-defined on G. And also, we set ð
The next lemma is given by the same way as in [13] .
Lemma 4.2 (cf. [13] ). If f A L p ðG; V t Þ and 1 e p e y, then
We have the following Cowling-Price theorem for V t -valued functions.
Theorem 4.3. Let 1 e p; q e y and a; b; C > 0. Let f be a measurable V t -valued function such that
where mðnÞ is a positive function on ffiffiffiffiffiffi ffi À1 p a Ã of polynomial order. If ab > 1=4, then f ¼ 0 (a.e.).
Proof. First, by using a similar argument of J. Sengupta [11] , we havẽ f f ¼ 0.
Second, we shall show f ¼ 0 (a.e.). If 1 e p 0 ; q 0 e y and r
e kCk L p 0 ðG; t; tÞ kF h f ; ui k L q 0 ðG; t; tÞ
for u A V t and C A DðG; t; tÞ. From the assumption, we have C Ã f A The Cowling-Price theorem for semisimple Lie groups
g Then we obtain C Ã f ¼ 0. As shown in Lemma 4.2, we can compose fC e g e>0 such that
Therefore, this proves f ¼ 0 (a.e.). r
The Cowling-Price theorem for semisimple Lie groups
We need the following lemma, which can be proved by a slight modification of [3] . e A:
Then g is a constant function on C. Moreover, if p < y then g ¼ 0.
Let mðs; nÞ be the Harish-Chandra m-function. We need the following estimate for general m-functions. 
